JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of content in a trusted digital archive. We use information technology and tools to increase productivity and facilitate new forms of scholarship. For more information about JSTOR, please contact support@jstor.org.
SUBMANIFOLDS AND HOMOLOGY OF NONSINGULAR REAL
ALGEBRAIC VARIETIES By S. AKBULUT and H. KING* In this paper we study submanifolds of nonsingular real algebraic sets. We study the question of when they can be moved to algebraic subsets. We then give some applications to homology theory.
In Section 2 we discuss the topology of blowing-up, and show that blowing-up turns immersed submanifolds to imbedded submanifolds (Lemma 2.3). Then in Section 3 we generalize a result of Kleiman. By extending some previous work of Schwarzenberger and Hironaka he showed that after blowing up the top Schubert cycle of the Grassmanian variety one can make the universal bundle contain a line bundle [K1 ] . We prove some more general results of this flavour which lead to an interesting structure theorem for submanifolds (Theorem 3.4 and Theorem 3.5).
In Section 4 we first give a solution to the problem of when a codimension one smooth submanifold of a nonsingular algebraic set is isotopic to a nonsingular algebraic subset (Theorem 4.1); we identify the obstructions (transcendental homology cycles). From this we obtain an algebraic transversality result (Proposition 4.3). We then turn to the question of when a map f: M -f V from a smooth manifold to a nonsingular algebraic set can be made algebraic. Making (M, f) algebraic means that making M a nonsingular algebraic set so that the corresponding f will be a polynomial map; this is equivalent to isotoping an imbedded copy of M 
45
struction to reducing extra components of algebraic sets arising from Seiferts theorem [S] . This obstruction comes from homotopy groups of spheres. In Section 6 we prove a resolution theorem for Z/2Z homology cycles (Theorem 6.2). We show that algebraic blowing up desingularizes homology cycles. We show that Z/2Z algebraic cocycles are closed under cohomology operations (cup product, and Steenrod squares.) From these we deduce some amusing corollaries in algebraic topology.
The following are some sample results that are implied by the theorems of this paper. Let V denote any nonsingular algebraic set of dimension n, define AH,n _ (V; Seifert's theorem [S] says that if a closed smooth submanifold M.'. C R" has a trivial normal bundle then it is isotopic to a component of a complete intersection. The following says that there are obstructions in removing the extra components from the conclusion of Seifert's theorem. THEOREM D. There exist closed smwooth submanifolds M C R" imbedded with trivial normal bundle such that M canzot be isotopic to a complete intersection in R".
Theorem A is the same as Theorem 4. 1. Theorem B is a consequence of Theorems 6.6, 4.4, 6.9, 6. 10 and 5.3. Theorem C is implied by Theorem 3.5. Theorem D is implied by Theorem 5.8.
Definitions and the background material.
Definition. If k is a field a k algebraic set is a set V of the form V(I) = {x E k" I p(x) 0 O for all p E I} where I is a set of polynomial functions from k" to k.
In this paper "algebraic set" will always mean "real algebraic set" unless otherwise indicated. If V is an algebraic set, I(V) denotes the ideal of polynomials vanishing on V. If V is an algebraic set one can assume that V = p -l (0) for a single polynomial p (take for instance p to be the sum of the squares of the generators of I(V)). Definition. An algebraic set V C R" is a complete initersectioni if there are polynomials p 9, i 1, . . .
Definition
(ii) Vpj(x), i = 1, ... ., -d are linearly independent for all x E V.
In particular a complete intersection V C R" is nonsingular, and it has a trivial normal bundle in R" (a trivialization of the normal bundle is given by the vectors Vpi(x), i =1, . .,n -d ).
Definition. Let A C R", then the Zariski closure of A is the smallest algebraic set containing A.
Definition. Given algebraic sets V C R", W C R"' we say a function f: V --W is an entire rationalfunction if f (x) p(x)/q(x) where p: R" -+ R"11, q:R" -* R are polynomials, and q doesn't vanish on V. We call a diffeomorphism f: V -* W a birational diffeomorphism if f and f are entire rational functions.
Let Y be a k-dimensional algebraic set. Y can be triangulated; then by Sullivan's local Euler characteristic condition [Su] In this paper Cl denotes closure, and E-isotopy means an arbitrarily small isotopy. One can also give a universal proof to Lemma 3.1. We show that by blowing up the Grassmannian variety along a certain Schubert cycle we can split a trivial line bundle from the universal bundle. A nice aspect of this proof is that one can specifically write down universal equations for the split line bundle. The origin of this idea goes back to [K1 ] .
Let ri,, = {n X n -symmetric matrices } = R( I/2)"(" + 1). Recall
GnS ={Pem,q1P2 = P, traceP = k} E,k = {(P, x) E G,,k X R" IPx x} G,,k is identified with the space of k-planes in R" (Grassmannian). That is every P e G,,k uniquely determines the plane image (P), and every k-plane in R" determines such a matrix P namely the projection matrix onto that plane. Note E,, k -P G,,k is the universal Rk-bundle defined byp(P, x) = P. There is the natural imbedding G,,,k C E,,,k in which the normal bundle corresponds to the universal bundle. A useful corollary to Theorem 4.1 is that any codimension one nonsingular algebraic subset can be moved around by isotopies (first move it by any isotopy to a smooth manifold, then e-isotop this manifold to a nonsingular algebraic subset by using the theorem). The following is a useful generalization of this fact. So it suffices to show that we may isotop so that V,' is transverse to N.
Suppose now that (Vr -U) h N where U is a small neighborhood of an algebraic set Z C Vr. Here small means that the distance of each point of U to Z is small compared to how much we are willing to allowf, to move.
We will show that we may perform a small isotopy of { Vi}',+ to { Vi' }y'+ so that (Vr' -U') m N where U' is a small neighborhood of an algebraic set Z' C Vr' and either U' is empty or dim Z' < dim Z. Since we may start out with Z = U = Vr, this proves the theorem since eventually U' is empty i.e. 
Obstructions. Here we give examples of maps f :M --V from
closed smooth manifolds to nonsingular algebraic sets such that (M, f) cannot be made algebraic by an isotopy of f, i.e. we realize the obstructions discussed in Section 4. As an application we show that this gives rise to many smooth manifolds carrying inequivalent algebraic structures (Remark 5.6). We conclude this section by a discussion of an amusing obstruction (arising from homotopy groups of spheres) to reducing number of components of some algebraic sets. We first start with a generalized version of a lemma of Tognoli and Benedetti. But then p -I7r -1 (x) is an odd number of points for the generic point x E X, and it is an even number of points for the generic point x E X2 which contradicts Lemma 5.2. COROLLARY 6. 10. There are niouisinigulair algebraic sets Vaiid vector bunidles E over V such that E cannzot be made a inonisinigular algebraic set containing V. Furthermore E can be choseni to be orientable if onie wishes.
Proof. By applying Theorem 6.9 to V, = S 1 X S" # S l X S" we get a nonsingular algebraic set V S 1 X RP" #S' X RP". LetEl and E2 be the normal bundles of S' X RP" C S' X RP" + 2 and S' X RP" c S' X RP" X R2 respectively. Let E be the induced orientable bundle over V, i.e. E restricts to El and E2 on the first and second factors of the connected sum. Then the imbedded copy of L of S' X RP" -2 in the first factor of V represents the dual of the second Steifel-Whitney class w2 E H2(V; Z2) of the bundle E -f V. But by Theorem 6.9 the class [L] cannot be algebraic. Therefore E cannot be made a nonsingular algebraic set containing V, otherwise one can get a rational function V g GV 2 into the Grassmanians classifying the normal map V C E ([AK2] Lemma 2.7), then the dual of w2 would be represented by an algebraic set g (Schubert Cycle representing dual of w2). EZ
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